Selection Rules for One- and Two-Photon Absorption by Excitons in Carbon 

Nanotubes 
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Recent optical absorption/emission experiments showed that the lower energy optical transitions 
in carbon nanotubes are excitonic in nature, as predicted by theory. These experiments were based 
on the symmetry aspects of free electron-hole states and bound excitonic states. The present work 
shows, however, that group theory does not predict the selection rules needed to explain the two pho- 
ton experiments. We obtain the symmetries and selection rules for the optical transitions of excitons 
in single-wall carbon nanotubes within the approach of the group of the wavevector, thus providing 
important information for the interpretation of theoretical and experimental optical spectra of these 
materials. 



The use of symmetry is crucial for the description of 
the optical spectra of atoms, molecules and solids. In the 
case of single- wall carbon nanotubes (SWNTs), it has 
been predicted that excitonic effects are key to under- 
stand their optical transitionsiSi 3 ^^ Recent works have 
used the symmetry aspects of different excitonic states in 
carbon nanotubes to prove the excitonic nature of their 
optical spectra* 6 * 7 - However, an analytical study of the 
symmetry of the excitonic states cannot be found in the 
literature, and a detailed analysis of the selection rules 
for one and two photon absorption has not yet been re- 
ported. Therefore, an analysis of exciton symmetries in 
SWNTs is needed to understand in greater detail many 
aspects of their optical properties. In this work, we use 
group theory to obtain the symmetries of the excitonic 
states in SWNTs, as well as the selection rules for optical 
absorption and emission, for one- and two-photon excita- 
tion process. We describe in detail the number and sym- 
metries of exciton states for chiral (n, m), zigzag (n, 0) 
and armchair [n, n) SWNTs. Our group theory analysis 
show that the results of the 2-photon absorption experi- 
ments cannot be explained by symmetry-related selection 
rules. The results reported here should form a basis for 
helping the interpretation of theoretical and experimen- 
tal optical spectra of SWNTs. 

The symmetry of excitons is developed here within 
the formalism of the group of the wavevector, which has 
been covered partially in the literature^ and will be more 
fully developed in a future publication, 9 Briefly, the fac- 
tor groups for the wavevector k at the center {k = 0) 
and edge of the Brillouin zone (k — n/T) are isomorphic 
to the Dm (-D2nft) point group for chiral (achiral) nan- 



otubes, while the factor group for a general wavevector 
k is isomorphic to the group Cn (C-inv)- Here N (2n) 
denotes the number of hexagons in the unit cell for chiral 
(achiral) nanotubes and T is the length of the real space 
unit cell. The irreducible representations of the factor 
groups of nanotubes are labeled by the quasi-angular mo- 
mentum quantum number fi which varies between l—N/2 
and 7V/2.This quantum number fx is related to the pro- 
jection of the compound symmetry operation ({i?|r}) in 
the circumferential direction of the nanotube, and can be 
associated with the concept of cutting lines 10 . Another 
quantum number, of course, is the wavevector k, related 
to translation symmetry. There are also parity quantum 
numbers related to a C2 rotation (a tt rotation perpen- 
dicular to the tube axis, bringing z to — z), reflections, 
and inversion operationsAii 

A different but equivalent formalism is based on line 
groups 11-12 ». The connection between the two formalisms 
can be obtained through Table [I] that, despite its tech- 
nical aspect, is presented here for a clear definition of 
the symmetry-related quantum numbers in both group 
theory formalisms used in the literature. 

Figures Ufa), (b) and (c) show a schematic diagram 
of the electronic valence and conduction single-particle 
bands with a given index \p,\, for general chiral, zigzag 
and armchair SWNTs, respectively. The electron and 
hole states at the band-edge are labelled according to 
their irreducible representations^. The exciton wave- 
function for the one-dimensional (ID) SWNTs can be 
written as a linear combination of products of conduc- 



2 



TABLE I: Irreducible representations (T>) relevant to the ex- 
citon problem for chiral and achiral nanotubes. GWV and LG 
stand for "group of the wavevector" and "line group" nota- 
tions, respectively. The dimension (d) of each representation 
is shown on the right for both GWV and LG formalisms. 
The last column describes the wavevector (fe), quasi-angular 
momentum (/I) and parity quantum numbers (IT). For chi- 
ral tubes, the relevant parity is related to the C2 operation 
(LT C2 ), whereas for achiral tubes the parity LI is also related to 
oh, <Jv reflections and inversion i. The GWV notation chooses 
the parity under i as a quantum number and the LG nota- 
tion chooses the parity under as a quantum number, thus 
making the translation between the two notations somewhat 
cumbersome. A zero parity quantum number means that the 
representation does not have a well defined parity. 
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tion (electron) and valence (hole) eigenstates as: 

ip{re,rh) = ^2A vc (f) c (r e )<t>l(fh), (1) 

v,c 

where v and c stand for valence- and conduction- band 
states, respectively. For an ah initio determination of the 
coefficients A vc , it is necessary to solve a Bethe-Salpeter 
equation****, which incorporates many-body effects and 
describes the coupling between electrons and holes. The 
many-body Hamiltonian is invariant under the symmetry 
operations of the nanotube and therefore each excitonic 
eigenstate will belong to an irreducible representation of 
the space group of the nanotube. In general the electron- 
hole interaction will mix states with all wavevectors and 
all bands, but for moderately small-diameter nanotubes 
(d t < 1.5 nm), the energy separation between singu- 
larities in the single-particle ID JDOS (joint density of 
states) is fairly large and it is reasonable to consider, as a 
first approximation, that only the electronic bands con- 
tributing to a given ID singularity will mix to form the 
excitonic states*. This is the ideal situation to employ 
the usual effective-mass and envelope-function approxi- 
mations (EMA)i*i 

i) EMA {f e ,r h ) = J2' ' B vc Mre)K(r h )F v (z e - z h ). (2) 



The prime in the summation indicates that only those 
states associated with the ID JDOS singularity are in- 
cluded and the coefficients B vc are dictated by symmetry. 
It is important to emphasize that the approximate wave- 
functions tp EMA have the same symmetries as the full 
wavefunctions ip. The use of such "hydrogenic" envelope- 
functions serves merely as a physically grounded guess for 
the ordering in which the different exciton states appear. 
The envelope function F v (z e — Zh) provides an ad-hoc lo- 
calization of the exciton in the relative coordinate z e — Zh 
along the axis and v labels the levels in the ID hydro- 
gen series**. The envelope functions will be either even 
(y = 0,2,4...) or odd [y — 1,3,5...) upon z — > — z op- 
erations. The irreducible representation of the excitonic 
state T>{ip EMA ) is given by the direct product: 



(3) 



where V(4> c ), T>(<p v ) and T>(F V ) are the irreducible rep- 
resentations of the conduction state, valence state and 
envelope function, respectively^* We now apply Eq. 
to study the symmetry of excitons in chiral and achiral 
(zigzag and armchair) carbon nanotubes. Let us first con- 
sider the first optical transition (En) in the most general 
case, the chiral tubes. 

Chiral - As shown in Fig.^a), there are two inequiv- 
alent electronic bands in chiral tubes, one with the band 
edge at k — ko and the other one at k = — kg. In order 
to evaluate the symmetry of the excitonic states, it is 
necessary to consider that the Coulomb interaction will 
mix the two inequivalent states in the conduction band 
(electrons) with the two inequivalent states in the va- 
lence band (holes). These electron and hole states at the 
vHSs transform as the ID representationsAS. E^(fco) and 
E_p(— ko) of the C/v point group*, where we have con- 
sidered that conduction and valence band extrema occur 
at the same k — kg. Taking this into consideration, the 
symmetries of the exciton states with the v = envelope 
function, which transform as the A\ (0) representation, 
can be obtained using the direct product in Eq. Ip^jl: 

(E A (fe ) + E_ A (-fc )) ® (E_ A (-fe ) + E A (fco)) <8> Ai(Q) = 

Ai(0) +A 2 (0) +E A ,(*')+E_ p ,(-fc'), (4) 

where kl and fl' are the exciton linear momenta and 
quasi-angular momenta, respectively. Note that we con- 
sidered the quantum numbers for hole states to be op- 
posite in sign from those of electron states. Therefore, 
group theory shows that the lowest energy set of excitons 
is composed of four exciton bands, shown schematically 
in Fig. njd). Basically, the mixing of two electrons and 
two holes generates four exciton states. The mixing of 
electron and hole states with opposite quantum number 
k (k e = ±fco, kh — T-fco) will give rise to excitonic states 
which transform as the A\ and A2 representations of the 
Dn point group. These representations correspond, re- 
spectively, to states even and odd under the C2 rota- 
tion. These excitons will have a band minimum at the 
r point. The excitonic states formed from electrons and 
holes with k e — kh — ±&o wm transform as the E^/(fe') 
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FIG. 1: Color online - Diagrams for the electronic bands and symmetries for (a) chiral (n, m) (b) zigzag (n, 0) and (c) armchair 
(n, n) nanotubes and for their respective excitonic bands (d), (e) and (f). The electron, hole and exciton states at the band 
edges are indicated by a solid circle and labeled according to their irreducible representation. Different line types and colors 
in this figure are related to bands with different symmetries. Thick (black) solid lines correspond to the E^i representation, 
the blue (thin) solid lines correspond to A\ excitons while the cyan (thin) dashed lines correspond to the A2 excitonic states. 
In the case of achiral nanotubes, we also have inversion and mirror plane symmetries. For a better visualization, the bands 
with different parities under the inversion and mirror planes were grouped together and appear with the same line color and 
pattern. In the case of armchair nanotubes, the bands which transform as the B' and B" representations are shown using a 
red dot-dash pattern. The electronic and excitonic band structures shown here are only pictorial. Group theory does not order 
the values for the eigenenergies and energy dispersions. 



and E_^/(— k') ID irreducible representations of the Cm 
point group, with an angular quantum number \j! = 2/i. 
These exciton states will have a band edge at k' = 2ko if 
2ko is within the 1st Brillouin zone (1BZ). If 2ko crosses 
the boundary of the 1st Brillouin zone or 2/i is larger 
than N/2, the values of k! and fi! have to be translated 
back into the 1st Brillouin zoneiSiii It should be men- 
tioned that the values of jl and k$ will be different for 
each nanotube and also for each E,-j transition. 

Let us now consider higher-energy exciton states v > 
for the same vHSs in JDOS (referred to as En) in 
chiral tubes. For v even, the resulting decomposition 
is the same as for v = 0, since the envelope function 
also has Ai symmetry. For odd values of v, the envelope 
function will transform as A2 , but that will also leave the 
decomposition in Eq.Q unchanged. The result is still the 
same if one now considers higher-energy exciton states 
derived from higher singularities in the JDOS (E22 or E33 
transitions). Therefore, Eq. ^j) describes the symmetries 
of all exciton states in chiral nanotubes associated with 
En transitions. 

To obtain the selection rules for the optical absorption 
of the excitonic states, it is necessary to consider that 
the ground state of the nanotube transforms as a totally 
symmetric representation (^4i) and that only K = ex- 



citons can be created due to linear momentum conserva- 
tion. For light polarized parallel to the nanotube axis, 
the interaction between the electric field and the electric 
dipole moment in the nanotube transforms as the Ai rep- 
resentation for chiral nanotubes. 9 Therefore, from the 4 
excitons obtained for each envelope function only the 
Ai symmetry excitons are optically active for parallel po- 
larized light, the remaining three being dark states. It 
is clear that the experimental Kataura ploti^iiS can be 
interpreted as the plot of the energy of the bright exci- 
ton state with i/ = 0asa function of tube diameter. For 
2-photon excitation experiments, the excitons with A\ 
symmetry are accessed (Ai ® Ai — A\), and thus, there 
will also be one bright exciton for each v envelope func- 
tion. This result indicates that group theory does not 
predict the selection rules used in Ref. Thus, the ex- 
planation of the results obtained in 2-photon excitation 
experiments does not rely on symmetry selection rules 
and should be related to oscillator strength arguments. 7 
For instance, the bright exciton associated to odd v states 
in chiral tubes can be understood as a product between 
an even Bloch function and an odd envelope function^ 
Therefore, although being formally bright, we expect a 
very low oscillation strength for these excitons, since an 
odd envelope function should give a very low probability 
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of finding an electron and a hole at the same position 
available for recombination. 

Zigzag - For zigzag nanotubes, the vHSs for the elec- 
tronic bands associated with all En transitions occur at 
fco = 0, and thus, the symmetry of the electron (hole) 
states will form the direct product for v even: 

Ea s {0) ® Ep, u (0) ® Aig(O) = A lu (0) + A 2u (0) + E n , u (0), (5) 

and for v odd: 

Ep, g (0) ® £ A „(0) ® A 2u (0) = A 2s (0) + Ai fl (0) + E Vg {Q). (6) 

The corresponding band structure for v = (lowest 
exciton states) is shown in Fig. QJe). It is interesting to 
note that, in this case, all four excitonic states will have 
the band edge at the T point (K = 0). The value of p,' 
can be obtained in the same way as in the case of chiral 
nanotubes. 

For achiral nanotubes, the electromagnetic interaction 
with the nanotube transforms as the Ai u representation, 
and thus, one can see from Eq.(|5J) and Eq.JBJ) that for 
zigzag nanotubes only states with v even (envelope func- 
tions even under z — > —z) will have a bright exciton. 
Therefore, group theory predicts that zigzag tubes have a 
smaller number of allowed optical transitions than chiral 
tubes, which is consistent with their higher symmetry. 
For 2-photon excitation and emission in achiral tubes, 
we have A?, u ® Ai u = A\ g , and therefore only the A\ g 
excitons will be optically active. For zigzag tubes (see 
Eq.10), only the states with odd envelope functions will 
be accessible by 2-photon transitions, in agreement with 
Ref. in this special case. 

Armchair - The optical transitions in armchair tubes 
are also excitonic, despite the metallic character of these 
tubes, because of symmetry gap effects^. As shown in 
Fig. n^c), the -E^-derived excitons will be formed by two 
bands at k = ±&o, where ko 2n/3a for the lowest- 
energy excitons. Therefore, these excitonic states will be 
given by the direct product: 

(B A (fc ) + S A (-fco)) ® (£ A (fc ) + Ep.(-k )) ® A lg , 2u = 
A lu (0) + A 2lt (0) + A l9 (0) + A 2u (0) + 
(B'(k') + B'(-k')) + (B"(k') + B"(-k')) + 
Efi'gW+E^^O) + (E n _p,,(k') +E n _p(-W)). (7) 

The same decomposition is found for A\ g and Ai u enve- 
lope functions. Therefore, each JDOS vHS for armchair 
SWNTs gives rise to 16 exciton states, as shown in Fig. 
^f) for v = 0. If fco = 27r/3a, then k' = ko (the exciton 
momentum has to be translated back to the 1st Brillouin 



Zone). The excitons at K = transform as the represen- 
tations of the Dinh group, while the excitons at K = ±k' 
transform as the irreducible representations of the Cmv 
point group. 

As in the case of zigzag nanotubes, only the Am (Ai g ) 
symmetry exciton will be optically active for 1-photon 
excitation (2-photon). Therefore, from the 16 exciton 
states obtained for each envelope function v there will be 
one bright exciton. Note that, in the case of armchair 
nanotubes, there will also be bright excitons with odd v 
envelope functions. However, we note that because of the 
weak electron-hole interaction due to metallic screening, 
the existence of higher v states is unlikely in armchair 
tubes. 

To summarize, we obtained the symmetry of excitonic 
states in chiral, zigzag and armchair SWNTs within the 
approach of the group of the wavevector k. Each set of 
electronic transitions E^ gives rise to a series of exciton 
states, each associated with an envelope function. We 
show the absence of selection rules for even and odd en- 
velope functions for most of the carbon nanotubes (i.e. 
chiral and armchair) . This result shows that group theory 
does not predict the one and two-photon selection rules 
used in the interpretation of recent experiments^ When 
symmetry selection rules do not come into play, the ex- 
istence or apparent absence of optical transitions should 
be interpreted in terms of their high or low oscillator 
strength^ It is important also to stress that zigzag nan- 
otubes are a very special class of tubes, with very specific 
symmetry aspects. Generalizing results from zigzag car- 
bon nanotubes to other symmetry tubes is not always 
appropriate. 



Acknowledgments 

The MIT authors acknowledge support under NSF 
Grant DMR04-05538. S.L., S. I-B. C. D. S. acknowl- 
edge financial support from NSF Grant DMR04-39768, 
U.S. Department of Energy, Contract No. DE- AC02- 
05CH11231 and CMSN. E. B. B., A. G. S. F and A. J. 
and R. B. C. also acknowledge financial support from 
CAPES (PDEE), FUNCAP, CNPq and Faperj Brazilian 
agencies, respectivelly. The Brazilian authors acknowl- 
edge support from Instituto de Nanotecnologia and Rede 
Nacional de Pesquisa em Nanotubos de Carbono. 



1 T. Ando, J. Phys. Soc. Jpn 66, 1066 (1997). 

2 E. Chang, G. Bussi, A. Ruini, and E. Molinari, Phys. Rev. 
Lett. 92, 196401 (2004). 

3 C. D. Spataru, S. Ismail-Beigi, L. X. Benedict, and S. G. 
Louie, Phys. Rev. Lett. 92, 077402 (2004). 

4 V. Perebeinos, J. Tersoff, and P. Avouris, Phys. Rev. Lett. 
92, 257402 (2004). 



5 H. B. Zhao and S. Mazumdar, Phys. Rev. Lett. 93, 157402 
(2004). 

6 F. Wang, G. Dukovic, L. E. Brus, and T. F. Heinz, Science 
308, 838 (2005). 

7 J. Maultzsch, R. Pomraenke, S. Reich, E. Chang, 
D. Prezzi, A. Ruini, E. Molinari, M. S. Strano, C. Thom- 
sen, and C. Lienau, Phys. Rev. B 72, 241402(R) (2005). 



■5 



8 O. E. Alon, J. Phys.: Condens. Matter 15, 2489 (2003). 

9 E. B. Barros, A. Jorio, R. B. Capaz, G. G. Samsonidzc, 
A. G. Souza Filho, J. Mendes Filho, G. Dresselhaus, and 
M. S. Dresselhaus, Physics Reports (2006), to be pub- 
lished. 

10 G. G. Samsonidze, R. Saito, A. Jorio, M. A. Pimenta, 
A. G. Souza Filho, A. Griineis, G. Dresselhaus, and M. S. 
Dresselhaus, Journal of Nanoscience and Nanotechnology 
3, 431 (2003). 

11 M. Damnjanovic, T. Vukovic, and I. Milosevic, J. Phys. A: 
Math.Gen 33, 6561 (2000). 

12 M. Damnjanovic, I. Milosevic, T. Vukovic, and 
R. Sredanovic, Phys. Rev. B 60, 2728 (1999). 

13 M. Rohlfing and S. G. Louie, Phys. Rev. B 62, 4927 (2000). 



R. S. Knox, Theory of Excitons, vol. Suppl. 5 of Solid State 
Physics (Academic Press, New York, 1963). 
R. Loudon, Am. J. Phys. 27, 649 (1959). 
The notation E is used to differentiate this ID representa- 
tion of the Cn point group from the 2D representation E 
of the higher symmetry point groups Dn , C2nv and Z>2nh- 
M. Damnjanovic, I. Milosevic, T. Vukovic, and 
J. Maultzsch, J. Phys. A 36, 5707 (2003). 
S. M. Bachilo, M. S. Strano, C. Kittrell, R. H. Hauge, R. E. 
Smalley, and R. B. Weisman, Science 298, 2361 (2002). 
C. Fantini, A. Jorio, M. Souza, A. J. Mai Jr., M. S. Strano, 
M. S. Dresselhaus, and M. A. Pimenta, Phys. Rev. Lett. 
93, 147406 (2004). 



